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A TAUBER TYPE THEOREM
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Abstract

Some important properties of the power series are given by the classical
Cauchy-Hadamard, Abel and Tauber theorems. For series in Bessel functions

of first kind ) anJn(z), the corresponding Cauchy-Hadamard and Abel theo-
n=0

rems have been proved by the author in a previous paper [2]. In this paper we
prove a Tauber type theorem for series in Bessel functions of first kind.
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1. Introduction

[e.°]
Some important properties of the power series >  are given by the classical
n=0

Cauchy-Hadamard, Abel and Tauber theorems.
In general, by the classical Abel theorem, from the convergence of the power

o0

series f(z) = > a,2™ at a point zy it follows the existence of the limit lim f(z) =
n=0 Z—%0

f(20) when z belongs to a suitable angle domain with a vertex at a point zg. The

geometrical series [4, p.92]: 112- 1—2+4+22—234... (20 =1) shows that
z

the inverse proposition in general is not true, i.e. the existence of this limit does
o0

not imply the convergence of the series ) a,z" without additional conditions on
n=0
the growth of the coefficients.
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The corresponding result in this direction is given by the following theorem.

THEOREM (TAUBER). If the coefficients of the power series satisfy the condi-
tion lim na, = 0 and if lirr% f(z) = S (2 — 1 radially), then the series ) a, is
zZ—

n—oo

oo
convergent and ) ap, = S.
n=0

[o¢]

It turns out that the Abel theorem fails even for series of the kind ) a,, 2™,
k=1

where (n1,n2,...,ng,...) is a suitable permutation of the nonnegative integers

[4, p.92]. Therefore, it is interesting to know if for series in a given sequence of
holomorphic functions a statement like the Abel theorem is available. A positive
answer to this question for series in Laguerre and Hermite polynomials is given
by P. Rusev [3, §11.3] and L. Boyadjiev [1].
Let Ju(z) (n = 0,1,2,...) be the Bessel functions of first kind. Let us con-
oo
sider the series of the form ) anJn(z). In our previous paper [2] corresponding
n=0
Cauchy-Hadamard and Abel theorems have been proved.
In this paper we prove the corresponding Tauber type theorem for series in
Bessel functions of first kind.

2. A Tauber type theorem

oo
Let us consider the series ) apn, a, € C. Let zp € C\ R, |2| = R. For

n=0
shortness, denote ()
Ti (25 20) = 2L
Let the series 0
F(z) =) anJy(220)

n=0

be convergent for |z| < R. Then next theorem is valid.

THEOREM (TAUBER TYPE). If there exists

lim F(z) =S5 (|z| <R,z — z radially)
zZ—20
and
lim na, =0, (1)

then the series Y a,, is convergent and

n=0 )
E anp = S.
n=0
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P r oo f. For a point z of the segment [0, zg] we have

Zaan Zanfz Jr (25 20)

n=0
—Zk:a Jn(zg)iia Jn(2) _z’“:a Jn(20) — i ()
n=0 an(Z()) n=0 an(Z()) n=0 ! Jn n=k+1 n (ZO)
and therefore,
Jn(20) — Jn(2) In(2)
an — F(z)] < an, + n==k+ 1°|a, . (2
|Z ) Z\ | ol | 5225 @)
By using the asymptotic formula [5, §17.81]
Z\™ 1
In(z) = (5) (1+6,(2)) E,Hn(z) —0asn— oo (3)

for the Bessel functions of first kind, we obtain:

In(z) 2\" 1+ 0+n(z) 2 \" ( ~
“ Jn(Zo) “ <ZD> 1—|— gn(Zo) @ 20 * (2: ZO)
Let € be an arbitrary positive number. We choose a number N; so large that

the inequalities |1 + 04 (2; 20)| < 2, |kax| < ¢ hold as k > Ny. If k> Ny and 2 is
on the segment [0, 29|, then for the second summand in (2) the following estimate

is valid:
Z | n| Z \an! |1+§n(2;zo)|
n=k+1 =k+1
> k+1 oo n—k—1 0 5 n
<2|— Z ’an| <D lansktl o (4)
n=k+1 n=0 0
:2§:](n+kz+ Danyrs1| | 2 2§: /6 in
n+k+1 20 n+k+1
n=0 n=0
2 ¢ 1 el Jz
<Z-o - -
k61—|z/z0] 3k |z0] -]z
Now let us consider the first summand in (2). We have:
k

Zlani er
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According to Schwarz’s lemma, there exists a constant C' such that

In(z0) — Jn(2)
Jn(Z())

Moreover, there exists a number Ns such that the following inequality

< C|z — 2.

m
2 |an]

§C|z—z0|k‘":0k <Clz—z2|lk === = |z—20| k

m

> lanl

n=0

Jn(Z()) — Jn(z)
Jn(Zo)

1S
=5
(5)

holds as k > Ns. It remains to estimate the sum

k

Y lanl

n=m-1

In(z0) — In(2)
Jn(z(]) .

To this end, using asymptotic formula (3) for the Bessel functions of first kind,
we find consequently:

Jn(io) z (1 n9n(zo))
() et e () it

Therefore,

In(20) — Jn(2) < ‘1 - (z)" NE 0 (2) — 0 (20) (6)
JIn(20) 20 20 14 6,(20)
We obtain the following inequalities
2 \" z z 2\ 2 2\ z
bl () oo
20 20 20 20 20 20

for the first summand of (6). According to Schwarz’s lemma, there exists a con-
stant p such that

0n(2) — 0,(20)

1 as z— 2ol < p.
1+ 0, (20) |z = 2ol <p

Then, for such |z|, we obtain for the second summand of (6):

0n(2) — 0,(20)
1 + en(Z())

n n

z
|z — z0].

z

= 1%

20
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From (1) it follows that i

> nfan| Z |ay|
lim a, =0, lim 2=L—— =0, lim ==L — =0.
n—oo k—o0 k k—o0

Then a number N3 exists such that

k k

> e > lal
n=m-+ n=m
d < k > Njs.
K S30+R 2 30+R)© 3
Therefore,
k k k n
In(z0) — Jn(z z z
Z || (0)(2() < Z nlan| 1—2'4— Z |an] = |z — 2o
n=m+1 0 n=m+1 0 n=m+1
k k
12— 2| Z+1n|an| Z+1 |an|
<k 7 A +k|z — 20| e (7)
R
< k|z — 20| —; ;( —I-R)—k]z—zo|

Finally, let us note that

Zan—F

— Jn(2)
20)

Z\n\

n=k+1

Let N = max(Ny, N2, N3),k > N and |z — 20| < p. Then by using (4),(5),(7), we
can conclude that

< Z|an|

+Z!n!

n=m+1

— F(z) <\z—zo\k

3R

If we substitute z by zo(1 — 1), then
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k

This proves that lim 3 a, exists and equals lim F (zo(1 — %)), ie.
—00 5,—() k—oo
> 1
Zan = lim F <z0(1 — )) =S.
k—oo k

n=0

Thus the theorem is proved. [ ]
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